We develop a stochastic geometry framework to characterize the meta distributions of the downlink signal-tointerference-ratio (SIR)/signal-to-noise-ratio (SNR) and data rate of a typical outdoor user in a coexisting sub-6GHz and millimeter wave (mm-wave) cellular network. Macro base-stations (MBSs) transmit on sub-6GHz channels (which we term "microwave" channels), whereas small base-stations (SBSs) communicate with users on mm-wave channels. The SBSs are connected to MBSs via a microwave (µwave) wireless backhaul. The µwave channels are interference limited and mm-wave channels are noise limited; therefore, we have the meta-distribution of SIR and SNR in µwave and mm-wave channels, respectively. To model the line-of-sight (LOS) nature of mm-wave channels, we use Nakagami-m fading model. We first characterize the association probabilities of a typical user to a µwave MBS, a LOS mm-wave SBS and a non-LOS (NLOS) mm-wave SBS. Then, we characterize the conditional success probability (CSP) (or equivalently reliability) and its b th moment for a typical user (a) when it associates to a µwave MBS for direct transmission and (b) when it associates to a mm-wave SBS for dual-hop transmission (backhaul and access transmission). We then characterize the exact as well as approximate expressions for the meta distributions. Performance metrics such as the mean and variance of the local delay (network jitter), mean of the CSP (coverage probability), and variance of the CSP are studied. Closed-form expressions are presented for special scenarios. The extensions of the developed framework to the µwave-only network or networks where SBSs have mm-wave backhauls are discussed. Numerical results validate the analytical results. Insights are extracted related to the reliability, coverage probability, and latency of the considered network.
• Using the cumulative moment M b,T , we characterize important metrics such as coverage probability, mean local delay, variance of the local delay (network jitter), and variance of the reliability. For metrics requiring negative values of b, we apply the Binomial Theorem for negative integers.
• We demonstrate the application of this framework to other specialized network scenarios where (i) SBSs are connected to MBSs via a mm-wave wireless backhaul and (ii) a network where all transmissions are conducted in µwave spectrum.
• Closed-form results are provided for special cases and asymptotic scenarios.
• We validate analytical results using Monte-Carlo simulations. Numerical results give valuable insights related to the performance metrics such as the reliability, mean local delay, variance of CSP, and standard success probability of a user. For example, the mean local delay increases with the SBS density in µwave-only networks; whereas, it stays constant in the hybrid spectrum networks.
The remainder of the article is organized as follows. In Section II, we describe the system model and assumptions. In Section III, we provide mathematical preliminaries of the meta distribution. In Section IV, we characterize the association probabilities of a typical user and formulate the meta distribution of the SIR/SNR of a user in the hybrid spectrum network. In Section V, we characterize the CSP and its b th moment for direct, access, and backhaul transmissions. Finally, we derive the exact and approximate meta distributions of the SIR/SNR and data rate in a hybrid spectrum network as well as muwave-only network in Section VI. Finally, Section VIII presents numerical results and Section IX concludes the article.
II. SYSTEM MODEL AND ASSUMPTIONS
In this section, we describe the network deployment model (Section II-A), antenna model (Section II-B), channel model (Section II-C), user association criteria (Section II-D), and SNR/SIR models for access and backhaul transmissions (Section II-E).
A. Network Deployment and Spectrum Allocation Model
We assume a two-tier network architecture in which the locations of the MBSs and SBSs are modeled as a two-dimensional (2D) homogeneous Poisson point process (PPP) Φ k = {y k,1 , y k,2 , ...} of density λ k , where y k,i is the location of i th MBS (when k = 1) or the i th SBS (when k = 2). Let the MBS tier be tier 1 (k = 1) and the SBSs constitute tier 2 (k = 2). Let U denotes the set of users. The locations of 6 users in the network are modeled as independent homogeneous PPP Φ U = {x 1 , x 2 , ....} with density λ U , where x i is the location of the i th user. We assume that λ U ≫ λ 2 > λ 1 as in [18] - [20] . We consider a typical outdoor user which is located at the origin and is denoted by 0 and its tagged BS is denoted by y k,0 , i.e., tagged MBS (when k = 1) or tagged SBS (when k = 2). All BSs in the k th tier transmit with the same transmit power P k in the downlink. A list of the key mathematical notations is given in Table I .
We assume that a portion ηW 1 of the frequency band W 1 is reserved for the access transmission and the rest (1 − η)W 1 is reserved for the backhaul transmission, where W 1 , and W 2 denote the total available µwave spectrum and mm-wave spectrum, respectively, and 0 ≤ η ≤ 1. Determining the optimal spectrum allocation ratio η will be studied in our future work. 
B. Antenna Model
We assume that all MBSs are equipped with omnidirectional antennas with gain denoted by G o 1 dB.
We consider SBSs and users are equipped with directional antennas with sectorized gain patterns as in [10] , [15] , [17] to approximate the actual antenna pattern. The sectorized gain pattern is given by:
where subscript a ∈ {2, U} denotes for SBSs and users, respectively. Considering a √ N × √ N uniform planar square antenna array with N elements, the antenna parameters of a uniform planar square antenna array can be given as in [15] , i.e., G max a = N is the main lobe antenna gain,
is the side lobe antenna gain, θ ∈ [−π, π) is the angle of the boresight direction, and θ a = √ 3 √ N is the main lobe beam width. A perfect beam alignment is assumed between a user and its serving SBS [8] [11].The antenna beams of the desired access links are assumed to be perfectly aligned, i.e., the direction of arrival (DoA) between the transmitter and receiver is known a priori at the BS and the effective gain on the intended access link can thus be denoted as G max 2 G max U . This can be done by assuming that the serving mm-wave SBS and user can adjust their antenna steering orientation using the estimated angles of arrivals. The analysis of the alignment errors on the desired link is beyond the scope of this work.
C. Channel Model 1) Path-Loss Model:
The signal power decay is modeled as L(r) = r α , where L(r) is the path loss for a typical receiver located at a distance r from the transmitter and α is the path loss exponent (PLE).
Let L 1 (r) = r 1,U α 1 denotes the path loss of a typical user associated with the MBS tier, where α 1 is the PLE. Similarly, L 2 (r) = r 2,U α 2,l denotes the path loss of a typical user associated with the SBS tier where α 2,l = α 2,L is the PLE in the case of LOS and α 2,l = α 2,N is the PLE in the case of NLOS.
It has been shown that mm-wave LOS and NLOS conditions have markedly different PLEs [21] . Also, we consider the near-field path loss factor ζ = ( carrier wavelength 4π ) 2 at 1 m [8] , i.e., different path loss for different frequencies at the reference distance.
2) Fading Model:
For outdoor mm-wave channels, we consider a versatile Nakagami-m fading channel model due to its analytical tractability and following the previous line of research studies [11] - [13] , [22] , [23] . Nakagami-m fading is a general and tractable model to characterize mm-wave channels. Also, in several scenarios, Nakagami-m can approximate the Rician fading which is commonly used to model the LOS transmissions but not tractable for meta distribution modeling [24] , [25] . The fading parameter m l ∈ [1, 2, ..., ∞) where l ∈ {L, N} denotes LOS and NLOS transmission links, respectively, and the mean fading power is denoted by Ω l . The fading channel power h l follows a gamma distribution given
), x > 0, where Γ(.) is the Gamma function, m l is the shape (or fading) parameter, and
is the scale parameter. That is, we consider h l ∼ Γ(m L , 1/m L ) for the LOS links and h l ∼ Γ(m N , 1/m N ) for the NLOS links. Rayleigh fading is a special case of Nakagami-m for m L = m N = 1. Due to the NLOS nature of µwave channels, we assume Rayleigh fading with power normalization, i.e., the channel gain g(x, y) ∼ exp (1), is independently distributed with the unit mean.
3) Blockage Model for Mm-wave Access Links:
For mm-wave channels, LOS transmissions are vulnerable to significant penetration losses [21] ; thus LOS transmissions can be blocked with a certain probability.
Following [11] , [22] , [26] , [27] , we consider the actual LOS region of a user as a fixed LOS ball referred to as "equivalent LOS ball". For the sake of mathematical tractability, we consider a distance dependent blockage probability p(r) that a mm-wave link of length r observes, i.e., the LOS probability p L (r) if the mm-wave desired link length is less than d and p N (r) otherwise. That is, SBSs within a LOS ball of radius d are marked LOS with probability p L (r), while the SBSs outside that LOS ball are marked as NLOS with probability p N (r). Note that we will drop the notation (r) in both p L (r) and p N (r) from this point onwards and we will use only p L and p N , respectively.
D. Association Mechanism
Each user associates with either a MBS or a SBS depending on the maximum biased received power in the downlink. The association criterion at the typical user can be written mathematically as follows:
where
, and ζ (·) denote the transmission power, biasing factor, effective antenna gain, and near-field path loss at 1 m of the intended link, respectively, in the corresponding tier (which is determined by the index in the subscript). Let L min,j (r) −1 be the minimum path loss of a typical user from a BS in the j th tier. When a user associates with a mm-wave SBS in tier-2, i.e., k = 2, the antenna gain of the intended link is
is defined as the omnidirectional antenna gain of MBSs and G U is the user antenna gain while operating in µwave spectrum. On the other hand, the SBS associates with a MBS offering the maximum received power in the downlink.
E. SNR/SIR Models for Access and Backhaul Transmissions
The user associates to either a MBS for direct transmission or a SBS for dual-hop transmission. The first link (backhaul link) transmissions occur on the µwave spectrum between MBSs and SBSs and the second link (access link) transmissions take place in the mm-wave spectrum between SBSs and users.
Let θ 2 denotes the predefined SIR threshold for SBSs in the backhaul link and θ U denotes the predefined SIR/SNR threshold for users. Throughout the paper, we use subscripts "1, 2", "2, U", "1, U", "U", "BH"
to denote backhaul link, access link, direct link, user, and backhaul, respectively.
1) Backhaul Transmission:
The SIR of a typical SBS associated with a MBS can be modeled as:
where I 1,2 denotes the backhaul interference received at a SBS from MBSs that are scheduled to transmit on the same resource block excluding the tagged MBS. Then, I 1,2 = P 1 i:y 1,i ∈Φ 1 \{y 1,0 } y 1,i −α 1 g(0, y 1,i ).
2) Direct Transmission:
The SIR of a typical user associated directly with a MBS is modeled as:
where I 1,U denotes the interference received at a typical user from MBSs excluding the tagged MBS.
Then I 1,U can be calculated as:
3) Access Transmission: The SNR of a typical user associated with a mm-wave SBS is modeled as:
where ζ 2 is the near-field path loss at 1 m for mm-wave channels, and σ 2 2 is the variance of the additive white Gaussian noise at the user receiver. Given highly directional beams and high sensitivity to blockage, recent studies showed that mm-wave networks are typically noise limited [14] , [16] , [17] .
III. THE META DISTRIBUTION: MATHEMATICAL PRELIMINARIES
In this section, we define the meta distribution of the SIR of a typical user and highlight exact and approximate methods to evaluate the meta distribution.
Definition 1 (Meta Distribution of the SIR and CSP). The meta distributionF Ps (x) is the complementary cumulative distribution function (CCDF) of the CSP (or reliability) P s (θ) and given by [1] :
where, conditioned on the locations of the transmitters and that the desired transmitter is active, the CSP P s (θ) of a typical user [1] can be given as P s (θ) ∆ = P(SIR > θ|Φ, tx) where θ is the desired SIR.
Physically, the meta distribution provides the fraction of the active links whose CSP (or reliability)
is greater than the reliability threshold
, b ∈ C, the exact meta distribution can be given using the Gil-Pelaez theorem [28] as [1] :
where ℑ(w) is imaginary part of w ∈ C and M jt (θ) denotes the imaginary moments of P s (θ), i.e., ,
Using moment matching techniques and taking β
, the meta distribution of the CSP can be approximated using the Beta distribution as follows:
where M 1 (θ) and M 2 (θ) are the first and the second moments, respectively; I x (a, b) is the regularized incomplete Beta function I x (a, b)
and B(a, b) is the Beta function.
IV. THE META DISTRIBUTION OF THE SIR/SNR IN HYBRID SPECTRUM NETWORKS
To characterize the meta distribution of the SIR/SNR of a typical user that can associate with either a µwave MBS with probability A 1 or with a wireless backhauled mm-wave SBS with probability A 2 , the methodology of analysis is listed as follows:
1) Derive the probability of a typical user associating with µwave MBSs A 1 , LOS mm-wave SBSs A 2,L , and NLOS mm-wave SBSs A 2,N where
2) Formulate the meta distribution of the SIR/SNR of a user in the hybrid network (F b P s,T (x)) considering the direct link and dual-hop link with wireless backhaul transmission (Section IV-B).
3) Formulate the CSP (P s,T (θ)) and its b th moment (M b,T ) (Section IV-B).
4)
Derive the CSP at backhaul link P s,BH (θ 2 ), CSP at access link P s,2 (θ U ), and CSP at direct link
, and M b,1 (θ U ) for backhaul link, access link, and direct link transmissions, respectively (Section V).
5)
Obtain the meta distributions of SIR/SNR and data rate in hybrid spectrum network using Gil-Pelaez inversion and the Beta approximation (Section VI).
A. Association Probabilities in Hybrid Spectrum Networks
In this subsection, we characterize the probabilities with which a typical user associates with µwave MBSs (A 1 ) or mm-wave SBSs (A 2 ). The results are presented in the following.
Lemma 1 (The Probability of Associating with mm-wave SBSs). The probability of a typical user to associate with a mm-wave SBS, using the association scheme in Eq. (2), can be expressed as:
. Subsequently, the probability of a user to associate with a µwave MBS can be given as A 1 = 1 − A 2 . The conditional association probability for a typical user to associate with SBS is as follows:
Proof. Using the approach in [8] , we derive Lemma 1 in Appendix A of our technical report [29] .
A closed-form expression of A 1 can be derived for a case of practical interest as follows.
, and α 2,N = 4, then A 1 can be given in closed-form as follows:
It can be seen from Corollary 1 that when the number of antenna elements goes to infinity, i.e.,
, which shows that association probability to MBS will be very small. Similar insights can be extracted for other parameters.
In order to derive the b th moment of CSP P s,2 (θ U ) on an access link when a user associates with a SBS (the CSP will be discussed later in Lemma 4), we have to derive the probability of a user to associate with LOS SBS A 2,L and NLOS SBS A 2,N which are defined follows.
Lemma 2 (The Probability of Associating with LOS and NLOS mm-wave SBSs). When a typical user associates with the mm-wave SBS tier, this typical user has two possibilities to connect to (a) a LOS mmwave SBS with association probability A 2,L and (b) a NLOS mm-wave SBS with association probability
A 2,N which are characterized, respectively, as follows:
the conditional probabilities with which a typical user may associate to the LOS and NLOS mm-wave SBSs, respectively, and are defined as follows:
Proof. Using the approach in [12] , we derive Lemma 2 in Appendix B of our technical report [29] .
A case of interest is when the number of antenna elements at mm-wave SBSs increases asymptotically.
In such a case, the LOS and NLOS association probabilities can be simplified as follows: 
.
An interesting insight from Corollary 2 can be seen when the intensity of SBSs λ 2 → ∞ or d is large, the probability of association to LOS SBSs A 2,L becomes almost 1. On the other hand, when λ 2 → 0 or
B. Formulation of the Meta distribution, CSP and its b th Moment in the Hybrid Network
When a user associates with a mm-wave SBS, the overall CSP depends on the CSPs of the SIR and SNR on both the backhaul link and the access link, respectively. On the other hand, when a user associates to MBS the CSP depends on the SIR of the direct link. It is thus necessary to formulate the relationship between the meta distribution, CSP, and its b th moment in the considered hybrid network as follows.
Lemma 3 (Meta Distribution of the Typical User in the Hybrid Network). The combined meta distribution of the SIR/SNR in the hybrid spectrum network can be characterized as follows:
where M jt,T (θ) can be characterized by deriving the b th moment of the P s,T (·) 2 .
The b th moment of a random variable X is the expected value of random variable to the power b, i.e.,
User Associated with SBS 
tx) denotes the CSP for the access link transmission.
Proof.
Step (a) follows from the fact that the b th moment of the SIR or SNR of a user associated to tier
whereĀ i is the conditional association probability to tier i and
s,i is the conditional b th moment of the SIR or SNR in tier i. In our case, we haveĀ 2 (l 2 ) which is the conditional association probability to mm-wave SBS where l 2 ∈ {L, N} since a user can associate to either LOS or NLOS mm-wave SBS. The step (b) follows from the fact that the CSP of the dual-hop transmission depends on the CSP of access and backhaul link; therefore, we have a product of the access and backhaul CSPs, i.e., P s,BH (θ 2 )P s,2 (θ U ) that are independent random variables. There is no correlation since µwave backhaul does not interfere with mm-wave transmissions. The step (c) follows from the fact
Finally, the step (d) follows from the definition ofĀ 2 (l 2 ) in Lemma 2 and the step (e) follows by applying the definition of moments.
In the next section, we derive the CSP of access, backhaul, and direct links along with their respective b th moments, as needed in Lemma 4 to characterize the overall moment as well as the meta distribution.
V. CHARACTERIZATION OF THE CSPS AND MOMENTS
In this section, we derive the CSPs P s,BH (θ 2 ), P s,2 (θ U ), P s,1 (θ U ) and the b
, and M b,1 (θ U ) for backhaul link, access link, and direct link, respectively.
A. CSP and the b th Moment -Access Link
We condition on having a user at the origin which becomes a typical user. The CSP of a typical user at the origin associating with the mm-wave SBS-tier (when k = 2) can be described as follows:
The CSP of the SNR of a user on the access link with LOS can be defined by substituting SNR 2,U defined in Eq. (5) into Definition 1 as follows:
. (13) where (a) follows from the definition of
and the fact that the channel gain h L (0, y 2,0 ) is a normalized gamma random variable and γ(., .) is the lower incomplete gamma function and Γ(s) = γ(s, x) + Γ(s, x), where Γ(., .) is the upper incomplete gamma function. Similarly, CSP of the SNR on the access link for NLOS case can be given as follows:
. As such, the b th moment of the CSP on the access link for the typical user when it is served by the mm-wave SBS tier is given by the following:
Lemma 4. The b th moment of the SNR at an "access link" when a user associates with a mm-wave SBS can be characterized as follows:
Proof. See Appendix C. 
B. CSP and Moment -Backhaul Link
For the backhaul link, we condition on having a SBS at the origin which becomes the typical SBS.
Using the expression of SIR 1,2 in Eq. (3) the CSP of the backhaul link P s,BH (θ 2 ) can be given as:
where (a) follows from the Rayleigh fading channel gain g(0, y 1,0 ) ∼ exp (1) and (b) is found by taking the expectation with respect to g(0, y 2,i ). The b th moment of the CSP on the backhaul link is given as:
where (a) follows from the probability generating functional (PGFL) of PPP, i.e.,
. [30, lemma 1] and 2 F 1 (., .; .; .) represents Gauss' Hyper-geometric function.
C. CSP and Moment -Direct Link
Using the expression of SIR 1,U in Eq. (4), we calculate the CSP of the direct link P s,1 (θ U ) as follows:
where (a) follows from the channel gain g(0, y 1,0 ) ∼ exp(1) and is independently exponentially distributed with unit mean and (b) is obtained by taking the expectation with respect to g(0, y 1,i ). While taking the association probabilities into consideration, the b th moment of the CSP P s,1 (θ U ) of the typical user when it is served by a µwave MBS is characterized in the following lemma.
Lemma 
Proof. See Appendix D.
Note that
dv is independent of l 1 , thus where N → ∞ or α 1 = 4, α 2,L = 2, and α 2,N = 4, then we can get a closed-form for the three integral over l 1 using Corollary 1 and Corollary 2.
D. Combined b th Moment of the CSP in Hybrid Networks
After substituting the values of (17), Eq. (15), and Eq. (19), respectively into the total meta distribution for the entire network in Eq. (11), we get the b th moment of the CSP at a typical user as follows:
In the next section, we use the combined b th moment in (20) to compute the meta distributions of SIR/SNR and data rate using Gil-Pelaez inversion and the Beta approximation.
VI. COMPUTING THE META DISTRIBUTIONS AND SPECIAL CASES
In this section, we compute the meta distribution of SIR/SNR using Gil-Pelaez inversion and beta approximation by applying the derived result of M b,T . Special cases where b = 1 provides the standard coverage probability and b = −1 provides the mean local delay are discussed. Further, we show how to evaluate the data rate meta distribution from the derived framework.
A. Computing the Meta Distribution of SIR/SNR
Technically, substituting b = jt in (20), we should obtain the imaginary moments M jt,T . However, since the expression of M jt,T relies on a Binomial expansion of power b, the results cannot be obtained directly through substitution. Therefore, we apply Newton's generalized binomial theorem given as follows:
Definition 2. Isaac Newton's generalized binomial theorem is to allow real exponents other than nonnegative integers, i.e., imaginary exponent r, as
, where (.) k is the Pochhammer symbol, which stands here for a falling factorial.
Applying Definition 2 in step (e) of Appendix C, we then obtain the expression for M jt,T as follows:
The imaginary moments can be substituted in the Gil-Pelaez inversion theorem as in Definition 1 to obtain F Ps,T . Furthermore, we follow [1] , [5] , [31] to approximate the meta distribution by a Beta distribution by matching the first and second moments, which are easily obtained from the general result in Eq. (20) by substituting b = 1 and b = 2 to get M 1,T and M 2,T , respectively. Taking β
, the meta distribution using beta approximation can be given as follows:
B. Mean and Variance of the Local Delay
The mean local delay is the mean number of transmission attempts, i.e., re-transmissions, needed to successfully transmit a packet to the target receiver. The mean local delay M −1,T which is the −1 st moment of the CSP of a typical user should be calculated by substituting b = −1 in Eq. (20) . However, since the expression of M b,T relies on a Binomial expansion of power b, the results cannot be obtained directly through substitution. Therefore, we apply Binomial theorem for the negative integers as follows:
Definition 3. The Binomial theorem for a negative integer power n can be given [32] as (x + y) n = ∞ k=0 (−1)
Applying Definition 3 in step (e) of Appendix C, we then obtain the expression for M −1,T as follows:
Remark: In order to better characterize the fluctuation of the local delay, the variance of the local delay also referred to as network jitter can be given by
C. The Meta Distribution of the Data Rate in Hybrid Spectrum Networks
Let T denotes the data rate (in bits per sec) of the typical user on a specific transmission link which is a random variable and is defined as R = W log 2 (1 + SIR) using Shannon capacity. Using the meta distribution of the SIR, the meta distribution of the data rate can be derived to present the fraction of active devices in each realization of the point process that have a data rate R greater than T with probability at least x, i.e., users data rate reliability threshold. That is, first deriving the CSP of the data rate as follows:
where P s (2
denote the CSP of the user data rate over single link.
Finally, deriving the b th moment of the CSP of the data rate and applying Gil-Pelaez inversion we can obtain the meta distribution of the data rate.
Corollary 3. Similar to the meta distribution of the SIR/SNR derived in Lemma 3 and conditioned on the location of the point process, we derive the meta distribution of the data rate in hybrid cellular networks, using the moment Q b of the conditional data rate as follows:
where P s,1 (2
and P s,2 (2
tx) denotes the CSP of the user data rate at the direct, backhaul, and access link, respectively.
In the following section, we discuss the application of this framework in two scenarios (i) µwave only network and (ii) mm-wave backhauls and microwave access links.
VII. EXTENSIONS OF THE MODEL TO OTHER NETWORK ARCHITECTURES

A. The Meta distribution of the SIR in µwave-only Networks
We characterize the meta distribution of the downlink SIR attained at a typical user in a µwave-only network, i.e., the access and backhaul links of SBSs operate in the µwave frequency. A user associates with either a serving MBS for direct transmissions (when k = 1) or a SBS for dual-hop transmissions (when k = 2), depending on the biased received signal power criterion. MBSs and SBSs are assumed to operate on orthogonal spectrums; thus, there is no inter-tier interference. On the other hand, each SBS associates with a MBS based on the maximum received power at the SBS. The association criterion for a typical user can be described as follows [33] :
where . denotes the Euclidean distance. A typical user associates with a serving node (given by Eq.
(26))), which is termed the tagged SBS. For the sake of clarity, we defineP jk
As derived in [33] , the conditional association probability for the typical user connecting to the k th tier (conditional over the desired link distance r U ,k ) is as follows:
where n denotes the index of the tier associating with the typical user. We calculate the CSP P s,2 ′ (θ U ) (when k = 2) of the access link operating in the µwave band as follows:
where (a) follows from the channel gain g(0, y 2,0 ) ∼ exp (1) and is independently exponentially distributed with unit mean and (b) is obtained by taking the expectation with respect to g(0, y 2,i ). 
Proof. See Appendix E.
Note that Lemma 6 is novel and different from [34] where we derive the b th moment of CSP for orthogonal spectrum two tier network while the work in [34] is done for shared spectrum tiers.
Similarly, the moment of the CSP of a typical user with offloading biases is defined as follows:
where (17), Eq. (29) (when k = 2), and Eq. (29) (when k = 1), respectively. The step (a) follows from the similar approach as taken in Lemma 4.
where ( (30) into either Eq. (10) or Eq. (8), we get the meta distribution of the SIR.
B. Extensions to Mm-Wave Backhauls
The proposed framework can be extended to a scenario where the backhaul and access transmissions are conducted on the orthogonal mm-wave spectrum. Note that Eq. (3) will be changed similar to Eq. (5).
Then, only the first term, M b,BH (θ 2 ) in the main Eq. (11) of our model that characterizes the moment of the CSP in the backhaul will be re-defined as
The framework can also be extended to a scenario where the backhaul transmissions are conducted on the mm-wave spectrum and the access links of SBSs operate on µ-wave. In this case, we will need to use the results in Section VII.A while redefining the term
Due to space limitation, we just give general direction of how our framework can be modified to accommodate the mm-wave backhaul transmission architecture.
VIII. NUMERICAL RESULTS AND DISCUSSIONS
We present the simulation parameters in Section VIII-A. Then, we validate our numerical results using
Monte-Carlo simulations in Section VIII-B. Also in Section VIII-B, we use the developed analytical models to obtain insights related to the meta distribution of the SIR/SNR of a typical user, mean and variance of the success probability, transmission delay, and the reliability of a typical user in the downlink.
A. Simulation Parameters
Unless otherwise stated, we use the following simulation parameters throughout our numerical results.
The transmission powers of MBSs and SBSs in the downlink are P 1 = 50 Watts and P 2 = 5 Watts, respectively. The size of the simulated network is 90km × 90km. We assume that the density of MBSs is λ 1 = 2 MBSs/km 2 and the density of SBSs is λ 2 = 70 SBSs/km 2 . The offloading biases for the MBSs and the SBSs are B 1 = B 2 = 1, respectively. The PLE for MBSs is set to α 1 = 4 and for mm-wave SBSs, Note that the probability of associating with µwave MBSs is minimal due to a higher path-loss exponent and NLOS omnidirectional transmissions from MBSs.
2) The Meta Distribution of the SIR/SNR: In Fig. 3 , we validate our analytical results for the meta distribution of the SIR/SNR of a typical user in a hybrid spectrum network through simulations. Fig. 3 also depicts the probability of achieving reliability x, i.e., x% fraction of users can achieve their quality of service for θ ∈ {10, 1, 0.1} dB. From Fig. 3 , we note that about 18% of the users (when θ = 10), 51%
of users (when θ = 1), and 96% of users (when θ = 0.1) have success probabilities equal to 0.3. Fig.   4 illustrates the standard success probability M 1,T and its variance M 2,T − M coverage or reducing variance because the variance first increases and then decreases while the coverage probability is monotonically decreasing. For higher values of θ, lower coverage probabilities have lower variance so its a low-reliability regime where more users' performances are spread around low coverage probability. As such, the low values of θ provides a higher reliability regime. 
3) Coverage and Variance as a Function of SIR/SNR Threshold in Hybrid Spectrum Networks:
4) Coverage and Variance as a Function of the Number of Antenna Array Elements in Hybrid Spectrum
Networks: Fig. 6 depicts the coverage probability and variance as a function of θ considering the number The general trends for the coverage probability and its variance are found to be the same as in previous figures. The main observation is that although the coverage enhancement is not significant with increasing antenna elements, the reduction in the variance is noticeable which supports higher directional antenna gains and the importance of analyzing the higher moments of the CSP.
5) Coverage and Variance as a Function of B 2 in µwave-only Networks:
In Fig. 7 , we study the effect of offloading users from the MBS tier to the SBSs tier in terms of the coverage probability (which is the mean reliability) and the variance of the CSP (or reliability). By offloading users from the MBS tier to the SBSs tier when B 2 = 30, the coverage probability M 1,T suffers due to the dual-hop transmission effect in wireless backhauled SBSs; however the variance of the results reduces which is a novel and positive insight. Another observation is that the variance of the CSP in µwave-only network is high compared to the hybrid network. This can be shown by comparing points V 1 = (1, 0.1) in Fig. 6 and V 2 = (4, 0.19)
in Fig. 7 , for the case of B 1 = B 2 = 1. We noticed that the variance has decreased from 0.19 to 0.1 when the SBS antenna array size is increased to N = 20. This implies that the hybrid spectrum network outperforms the µwave-only network due to the directional antenna gains. delay is the mean number of transmission attempts to successfully transmit a packet. The mean local delay increases by increasing λ 2 . After the SBS density reaches λ 2 = 20 SBSs/km 2 , the mean local delay stays constant at value 1.11. This result can be intuitively explained as follows. When the mm-wave SBS density is low, the typical user has a higher probability to connect to a MBS, i.e., the mean local delay of the network results from only one hop communication (from the MBS to the user). However, when the λ 2 increases, the typical user has a higher probability to connect to a mm-wave SBS, i.e., the network local delay results from two hops communication (from the MBS to the SBS then from the SBS to the user).
6) Mean Local Delay (µwave vs mm-wave
Furthermore, the beamforming high directional gain steerable antennas will push more users to associate with SBSs thus a higher network delay is observed. Fig. 9 shows that, all else being equal, the mean local delay of the hybrid spectrum network is lower than that of the µwave-only network. Fig. 9 depicts the mean local delay for a µwave-only network as a function of λ 2 . When λ 2 increases the mean local delay of the total network increases again due to the increase in interference which is not the case in the hybrid spectrum network. The network mean local delay in the case of α 1 = α 2 = 3 is higher than that in the case of α 1 = α 2 = 4 due to higher path loss degradation for higher PLEs. Fig. 10 depicts the meta distribution of the data rate in hybrid spectrum networks as a function of reliability x for different number of antenna elements N = 10, 20, 40, and 50 with rate threshold T = 1 Gbps. As shown in Fig. 10 , the fraction of devices achieving a required rate increases as the number of antennas elements increases. In other words, increasing the number of antenna elements of SBSs has a positive effect on the achievable rate and its meta distribution. This insight helps cellular network operators to find the most efficient operating antenna configuration to achieve certain reliability for certain applications.
7) The Meta Distribution of the Achievable Data Rate in Hybrid Spectrum Networks:
8) The Meta Distribution in a Microwave-only Network:
In Fig. 11 , we validate our analysis by depicting the exact (Gil-Pelaez) meta distribution in a µwave-only network defined in Eq. (10), and the beta approximation for the meta distribution defined in Eq. (8). Our simulation result provides an excellent match for a wide range of θ values and this validates the correctness of our analytical model. Fig. 11 also serves as an illustration of the meta distribution of the SIR of a typical user in a µwave-only network. We note that about 23% of users (when θ = 10), 72% of users (when θ = 1), and 98% of users (when θ = 0.1) have reliability, i.e., success probability, equal to 0.3.
IX. CONCLUSION
This paper characterizes the meta distributions of the SIR/SNR and data rate of a typical user in a hybrid spectrum network and µwave-only network. The meta distribution is evaluated first by formulating and then characterizing the moments of the CSP of a typical user in the hybrid network. Important performance metrics such as the mean local delay, coverage probability, network jitter, and variance of the CSP (or reliability) are studied. Numerical results demonstrate the significance of evaluating the meta distribution The b th moment of the CSP of a typical user served by the mm-wave SBS can be derived as:
where (a) follows from substituting the value of P s,2,L (θ U ) and P s,2,N (θ U ) from Eq. (13) The b th moment of the CSP of a typical user when associated to µwave MBS can be derived as follows:
M b,1 (θ U ) = E l 1 P(n = 1|L 1,min = l 1 )
= E l 1 Ā 1 (l 1 ) While taking the association biases effect in consideration, the b th moment of the CSP P s,k (θ U ) of the typical user when it is served by the k th tier is given as follows:
= E r k,U j =k 
where (a) follows from considering the conditional association probability for the typical user connecting to the k th tier given in Eq. (27) . In step (b), we apply PGFL of the PPP [36, Chapter 4] .
Step (c)
follows from averaging over r k,U , step (d) is by using variable substitution q = πλ k r 2 and v = r/y. In step (e), we perform variable substitution v = u(P jkBjk ) −1/α j and step (f) follows from the fact that 
